In this work, we present an investigation on the spatial entanglement entropies in the helium atom by using highly correlated Hylleraas functions to represent the S-wave states. Singletspin 1sns
I.

Introduction
Entanglement measures in atomic systems have attracted considerable attention in recent years [1] [2] [3] [4] [5] [6] [7] [8] [9] . Related investigations on interacting bosons [10] [11] [12] [13] [14] [15] and on quantum dots [16, 17] have also been reported in the literature. Such investigations help us to shed light on the relationship between entanglement and correlation effects. Studies of quantum entanglement also play an important role in quantum cryptography [18] , quantum teleportation [19] , quantum information and quantum computation [20] . Tichy et al. [21] reviewed the recent developments in entanglement for atomic and molecular systems. In the present work, we emphasize on calculations of entanglement entropies, such as linear entropy and von Neumann entropy, in the helium atom, as they are practical and quantitative measures for the amount of entanglement in two-electron systems. Highly-correlated Hylleraas-type wave functions are utilized to represent the state wave functions, and take into account of the correlation effects. The inter-electronic terms in the Hylleraas-type basis greatly improve the quality of wave functions. To calculate the entropies, we carry out partial wave expansion on the Hylleraas basis, and apply the Schmidt-Slater decomposition method on each of the partial wave functions. Then the eigenvalues of the reduced density matrix can be obtained, and from which the entropies can be determined. This method is similar to that by Kościk [15] , but we have improved the mythology such that it is more computationally efficient and with accurate results. In our present work we have calculated the entropies for some S-wave 1sns singletspin states (with n = 1 to 6), and 1sns triplet-spin states (with n = 2 to 6) of the helium atom.
Atomic units (a.u.) are used throughout the present work. Computations are carried out, for the most part, with quadruple precision. For some critical cases, calculations are performed with multiple precision algorithm, with up to about 100 digits in the word length are used.
II. Theoretical Method
The non-relativistic Hamiltonian (in atomic units) describing the helium atom is 22 
12
1 2 12
22
ZZ H r r r         where 1 and 2 denote the two electron 1 and 2, respectively, and r ij is the relative distance between the particle i and j. The Hamiltonian with Z = 2 is for the helium atom. For S-states we use Hylleraas-type wave functions to describe the system, The quantum entanglement of an atomic system can be quantified with entropies, such as von Neumann entropy and linear entropy. The von Neumann entropy of the spatial entanglement for a two-electron system has the form (see [3, 4, 6, 7, 9] for example).  is the one-particle reduced density matrix, and Tr has the implication of tracing out the degrees of freedom of one of the two electrons in the system. In addition, the linear entropy is defined as
Once the eigenvalues  of the reduced density matrix are solved, one can directly acquire the entropies by using the equations above (more details will be discussed later). To calculate eigenvalues of the reduced density matrix, we adopt the Schmidt-Slater decomposition method. The two-electron wave function now is a function of and , and typically it can be decomposed into a sum of products by partial wave expansion, as In addition, for a spherically symmetric system, the wave function above can be expanded further in a series of Legendre polynomials. As a result, the angular correlation of this spherical system is represented by the Legendre polynomials and the coefficients F l of such expansion are now functions of scalar r 1 and r 2 , as or Slater decomposition (for triplet-spin states), the function can be decomposed as a sum of products of one-particle wave functions. For a real and symmetric wave function (the singlet-spin cases), the function has the Schmidt decomposition: Up to this point, our treatment is very similar to that in Ref. [15] . In order to solve the above eigenvalue problem in a form of integral equation, the author in Ref. [15] used numerical quadratures to discretize the variables r 1 and r 2 with equal subintervals, and turned the above integral equation into an algebraic eigenvalue problem. In our present work, for better efficiency and better accuracy, we first obtain the matrix elements for the reduced density matrix by projecting the functions l f (see Eq (7) or Eq (8)) onto one-particle orthonormal Laquerre polynomials. By using such Laquerre polynomials with dimension LA max as basis, the matrix elements can be calculated analytically in such a way that they are suitable for machine computation, whereas in Ref. [15] some accuracy may be lost due to numerical integration using quadratures. Furthermore, our analytical treatment on matrix elements for excited states is very straightforward, but using numerical quadratures for excited states, in order to take into account of the diffuseness of wave functions, a longerrange in the coordinate space must be used, and hereby it would need more quadratures points, resulting in more difficulty in numerical integrations. In our work, once the elements of the density matrix are calculated, eigenvalues can then be obtained by diagonalization of the reduced density matrix. As for the anti-symmetric cases with Slater decomposition, it is possible to transform a 2n*2n real anti-symmetric matrix to a block diagonal form
leading to eigenvalues of for the function l f  . The size of basis set can be chosen depending on the required precision. In actual calculations, the eigenvalues nl   of the reduced density matrix (see Eqs. [3] and [4] ) are related to nl   in Eqs. [7] and [8] . The reduced density matrix can be expanded as This can also be applied to antisymmetric cases. One thing to be noticed is that the 'm' value in this case is an independent quantum number and that our system is with (2l+1)-fold degenerate. The von Neumann entropy for spatial entanglement is then given by entanglement of the two electrons in the helium atom. For entanglement due to the spin part, readers are referred to some earlier well-discussed publications [3, 14, 15] .
III.
Calculations and Results
In the present work, we calculate the von Neumann entropy and the linear entropy of the singlet-spin states from 1s 2 1 S to 1s6s 1 S and triplet-spin states from 1s2s 3 S to 1s6s 3 S. Table I shows the convergence of energies and entropies in terms of the sizes of the basis sets for the It is seen from Table I that the computed sum is very close to the theoretical value of 1.0, implying that our results have achieved great convergence and accuracy. state, in addition to our present result, we also show the earlier results that were obtained using Eq. (4) and with which four-electron integrals were used [3, 4, 8] . Table VIII also shows results that were obtained by employing configuration interaction wave functions with B-splines basis [6] , with products of Slater-type orbitals (STO) [7] , with Hylleraas type basis functions [15] and with Gaussian type basis sets [22] . It is seen that our present result of S L = 0.01591564 calculated by using Eq. (17) is practically identical to that in Ref. [8] (S L = 0.0159156 ± 0.0000010) calculated by employing Hylleraas functions and with the use of Eq.(4). In the present approach, no four-electron integrals are needed for evaluation of linear entropy. In Table VIII we also show results for other excited singlet-spin 1sns 1 S e states and excited triplet-spin 1sns 3 S e states with n = 2 to 6. We also show comparisons of our results with those in earlier publications [3, 4, 6, 7, 9] . From the results shown in Table VIII , it is seen that the linear entropies for the 1 S e states increase as the state energy increases (increasing n), but for the 3 S e states the linear entropy is decreasing for increasing n. Both the excited singlet-spin states and triplet-spin states are approaching the saturated value of 0.5, the non-interacting limit for the two electrons. Later in the text, we will come back to discuss the implication of such finding.
In Table IX , we show our results for von Neumann entropy for the ground and excited states of the helium atom. For the ground 1s 2 1 S e state, our result gives S vN = 0.08489987. In Table IX we also show results by Benenti et. al. [7] who used CI basis for wave functions (S vN = 0.0785) and from Ref. [9] in which CI functions with B-splines basis were used (S vN = 0.085022). Huang et. al. [22] obtained S vN = 0.0675 by using Gaussian basis with Eq. (16).
Hofer [23] obtained S vN = 0.06749889 using Gaussian type basis sets. It indicates that the value in Ref. [9] is closer to our present result than that of Ref. [7] . In Ref. [15] , S vN for some helium states were also calculated, but they were expressed in graphic forms, and hence no direct numerical comparisons with the S vN results in Ref. [15] can be made here. In Table IX, we show von Neumann entropy for excited singlet-spin 1sns 1 S e states and excited triplet-spin 1sns 3 S e states with n = 2 to 6. We also show comparisons of our results with those in earlier publications [7, 9] . From these results, we observe that the von Neumann entropy for excited 1 S e states increases as the state energy increases (increasing n), while S vN for the excited 3 S e states decreases for increasing energy (increasing n). The S vN for both the excited singlet-spin states and triplet-spin states are approaching the saturated value of 1.0, the non-interacting limit for S vN .
Next, from our results we examine the relationship between entanglement, entropy and correlation, and try to shed night on a dilemma presented to us for excited states in the helium atom. While for the ground state, we can relate entropy to entanglement directly, but if we relate entropy to entanglement directly for excited states, we will encounter a dilemma situation [7] . For the singlet-spin excited states (1sns), entropy increases when the energy of the excited state increases (increasing n). But 'intuition' tells us that 'correlation energy' would decrease when the energy of the excited state increases (the two electrons are farther apart along the Rydberg series as n increases). Hence 'entanglement' and 'correlation' seem go opposite ways for singlet-spin excited states if entropy is directly related to entanglement.
As for triplet-spin excited states, from our present calculations and from those in Ref. [7] , it is observed that both S L and S vN decrease as the quantum number n of the excited state along the Rydberg series increases. In order to have a consistent way to interpret entropy, entanglement and correlation, Benenti et. al. [7] proposed an alternate definition for entanglement.
Entanglement is defined as "the distance between the calculated entropy (for a state with principal quantum number n) and the entropy without interaction." In mathematical term, entanglement ε is defined, in a form of absolute value, as
Under such an alternate definition, Benenti et. al. [7] concluded that entanglement would drop with energy (or would increase for decreasing energy). Their conclusion seems to be in line (18), vs various states with principal quantum number n, in loglog plot. It is seen that entanglement is decreasing for increasing n, and our finding is consistent with the conclusion made in Ref. [7] .
IV. Summary and Conclusion
In this work, we have focused on the investigation of quantum entanglement in a natural atomic system; the helium atom. Using highly correlated Hylleraas basis functions, we have obtained accurate wave functions for the ground state and some excited states by optimized their energies individually. Once the wave functions for such states are obtained,
we employ them together with applying the Schmidt-Slater decomposition method for quantification of entanglement, and for measure of von Neumann entropy and linear entropy.
Results are obtained for singlet-spin states from 1s 2 1 S to 1s6s 1 S and triplet-spin states from
with ( ) being the entropy for the non-interacting limit.
3 S to 1s6s 3 S. We believe our results are quite accurate that they can be treated as benchmark values for future references on entropies in the two-electron helium atom. In the future, entanglement and entropy for doubly-excited (resonance) states in two-electron atomic systems, combined with the stabilization method [24, 25] , can be investigated using the computational procedures developed in the present work.
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